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About this Course

Instructor: JIN (), Chen(2) Teaching Assistant: ZHANG, Simian
Email: disjinc@nus.edu.sg szhang@nus.edu.sg
Venue: LT 19 Tutorial:

Time: Wed 12:00-14:00

Office: COM2 #04-35;
Oftfice Hours: Wed: 16:00-17:00
Email us at any time!

Class participation + in-class quiz: 5%,
4 homework assignments 45%
Final Exam 50%
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Mathematics Refresh: Multivariable Calculus

The (negative) gradient of a function i1s 1ts steepest (descent) ascent

direction.

The (negative) gradient of a function 1s perpendicular to the level curve. .
N of o 9

Given a differentiable functionf (X) : R™ = R the gradient isV/f = 851’ 852 o ’8—:5:,,,

e.g., f(x,y) = 350 — 2x% — 1.59

— Vf(l', y) — [_4377 _Sy]T

2
e.g., (z0,90) = (1,1) = Vf(1,1) = [-4, =3]"
ony Qoiﬁ" on x 4 ‘,\Me

Why does following the direction of the
gradient at a point give the steepest
increase of the function?




Mathematics Refresh: Multivariable Calculus

The geometric interpretation of the gradient:
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The rate of change of

the objective function
+L’°'3)

when you move

slightly along the e

coordinate axes

f(x,y) = 350 — 22% — 1.5y
= Vf(z,y) = [-4z, —3y]"
(z0,y0) = (1,1)

= Vf(1,1) = [-4,-3]*

The slope of this
green curve at x=1 1s:

of (x,y)

o = —A4x

= 4




Mathematics Refresh: Multivariable Calculus

The geometric interpretation of the gradient:

(1.1)

The rate of change of
the objective function
-H.x.:p
when you move
slightly along the ":"|{’35 ;
coordinate axes

f(z,y) = 350 — 22* — 1.5y
= Vf(z,y) = [z, -3y]"
(anyO) — (17 1)

= Vf(l, 1) — [_47 _S]T

The slope of this yellow
10" curve at y=11s:
3f((9527y) — —Sy — —3




Mathematics Refresh: Multivariable Calculus

~

What if I walk along an arbitrary direction w=[a, b]¥ at my, 1:c)llsl'irzeer,ltﬂt%grllrl\t)v or %ﬁ&lﬁH

be the rate of change of the
objective function?

300 .
S 200 .
& f(z,y) = 350 — 2% — 1.5y°
— %
100 - .' = = Vf(z,y) = [-4z, —3y]"
E:; . ) (anyO) — (17 1)
0. ; = Vf(1,1) = [—4,-3]T

(1.1)




Mathematics Refresh: Multivariable Calculus

Directional Derivative

Recall the definition of partial derivative: current point (x0, y0)

Of (z,y)

ox

Of (z,y)

Oy

(z0,Y0)

(z0,Y0)

smel\ step
. h _ n\‘\’c t* o de '“\e fl\ . .
— lim L{zotah. y‘;l) f(zo. o) L5 ewie ame  direction: u = la, 0]
h—0 S‘W R ‘3,,,0\\50 ixed
. To, Yyo+bh)— f(xo, . .
= }Lm% f(Zo, vo h) f{Zo, yo) direction: v = [0, 5]
%

wa(.il?(), y()) — lim f(zotah, yotbh)—f(o, Yo) direction: w = [a, b]?
Directiona  Dudvetive

ot *(}H\‘))

h—0 h

Hard to compute




Mathematics Refresh: Multivariable Calculus

Directional Derivative
_ f(xo+ah, yo+bh)—f(xo,
€T lim
Vw/f ( 05 yo) P h
— lim g(h)—g(0)

7 Define 9(h) = f(xo + ah, yo + bh)
= 5(.°) ‘('Olo 150

duvetive of Mmj " ¥

Y0) direction: w — la, bt

=g ot pist 0 NS %’
mﬁ
dg(h Of(x, Of(x,y) d £ = (@) )= g'(h(x) ) W' (x)
g (h) = %(}L) — fgfcy) f(z ) y by chain rule » g%
- keep the inside multiply b
p— 8f<x7y) a ’ také3 derivative derlver:tl}\]/e}éf
833 ay of outside the inside

. 9'(0) = =53 a+ —5, = fo(Z0,y0)a + fy(zo,y0)b

) 4% (0,90) (z0,90)




Mathematics Refresh: Multivariable Calculus

Directional Derivativeva (an yO) =V/ (3707 3/0) "W
f(z,y) = 350 — 22% — 1.5y
= Vf(z,y) = [-4z, -3y]"

300 - ~ (70,90) = (1,1)
— Vf(l, 1) — [_47 _S]T
= 200 .
G w = [-5, —2]
- S
100 - . ~ = Vw [(zo,Yy0)
. G =V f(zo,y0) W

10 ' — [—4,-3] - [-5, —2] = 26

(1.1)




Mathematics Refresh: Multivariable Calculus

Directional Derivativevwf (20,90) = Vf(20,%0) - W

The (negative) gradient of a function i1s 1ts steepest (descent) ascent
direction.

. wnit veder w = [-5, 2]
max (07‘ mm) Vf (xo, yo) ' Avectorof -
v W length 1 Tt = [—5/v29,-2/v/29)
Vf(CU(), yO)
v-u = |v]-|lufcos®
~ cos(0) =1, cos(m)=—1"

S A““*“"‘de”’ O{m £ of (o, §0)

w = £V f(z0, o)
ZZVf(ZUQ, yO)

Vf(x(),y()) ' va(xo’yo)H — ::va(x(%y())u
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Mathematics Refresh: Multivariable Calculus

Convex Set: S 1s a convex set 1f for all x and y 1n §, t]

ne line segment

connecting x and y 1s included 1n S.

locolly comei

Not convex

Convex

Convex Function:f : S — R, where S is a convex set and f satisfies:
Vie [O, 1], V21,29 € S : f(tQ?l —+ (1 — t)aig) < tf(xl) —+ (1 — t)f(iEQ)




Mathematics Refresh: Multivariable Calculus

(] function: 1st-order derivative 1s a continuous function
C2 function: 2nd-order derivative 1s a continuous function

Taylor’s Theorem = e« gt v o i
I st-order approximation
f(w) = f(wo) + V f* (wo)(w — wo)

2nd-order approximation .
f(w) = f(wo) + V7 (wo)(w — wo) + 5 (w — wo)" V> f(wo)(w — wo)

more TUmg > wmore owwwle apprex:




Mathematics Refresh: Linear Algebra

2nd-order approximation . ElsEian
flw) = f(wo) + V7 (wo)(w — wo) + 5 (w— wo)" V? f (wo) (w — wo)

Matrix and Linear Algebra Number of Inversions, Rank,

Trace, Cofactor, Definite, Hull....

1042

1)

126 2 o
I{ain a2 A1n
. 21 a2 a2 Qon | . .
Entries of the , Dimensions of
matrix D | A3 aso aA3n the matrix
Qi . . . . . min

vin _afml Am?2 S amn_




Mathematics Refresh: Linear Algebra

What, exactly, 1s a matrix?

Why is matrix multiplication defined in
precisely this peculiar way?

P~lAP A

Why the matrix 1s “similar” to  ?
What exactly does similar mean here?

What is the truﬁnatu_re Xf eigenvalues and
eigenvectors? 1L — AL

Maurice Mashaal

3ourbaki

A Secret Society of Mathematicians

They think intuition and
abstraction as mortal
enemies. And when forced
to choose between the two.




Mathematics Refresh: Linear Algebra

Space: start with a set, which is a collection of objects. Then
you equip that set with some additional structure

e.g., topological space, vector space, norm space, etc.

“Space” encourages us to think geometrically

3D Euclidean Space:
(a)  we can define distances and angles.
(b)  objects can be moved or transformed from one position
to another.
Intuition (not maths definition): supporting motion 1s the

core feature of a space.
- llTSBBBLBLLLHHHHHHHHHHHGSSSHS



Mathematics Refresh: Linear Algebra

Vector Space (Linear Space)

1. What kind of objects live 1n a vector space? What do these
objects have 1n common?

2. How do objects move 1nside a vector space? What 1s the

correct language for describing those movements?
Vectors describe objects; Matrices describe linear

transformations




Mathematics Refresh: Linear Algebra

1. What kind of objects live 1n a vector space? What do these
objects have 1n common?

Let B = (b1, b2, ..., bn) be a basis, then every gbject v in the

space can be written uniquely ag’ = ¥ 101 + Z2b3 + -+ + Tpby,
Coordg of depat v it in I‘.\\one o+ B

h
Lo :
[U] B = For a finite-dimensional vector space: After choosing a
basis, every object can be represented by a vector.
. Different objects become different columns of numbers.
|3 Different bases give different coordinate descriptions.

And the order of the coordinates carries the meaning.



Mathematics Refresh: Linear Algebra

2. How do objects move 1nside a vector space? What 1s the correct

language for describing those movements?
Linear Transformation: 1L

Vectors describe objects. Matrices describe transformations. Matrix—
vector multiplication performs them

What makes a transformation linear?  regpedk e liar comination

T(ax +by) = aT(x) + b1 (y)

We focus on invertible matrix in finite-dimensional space



Mathematics Refresh: Linear Algebra

A matrix 1s one description of a linear transformation under a chosen
coordinate system

Choose one basis and a linear transformation 1s described by one matrix. Choose
another basis and the same transformation 1s described by another matrix



Mathematics Refresh: Linear Algebra

If A and B are two matrices describing the same linear transformation, obtalned by choosing

two different bases, then there exists an invertible matrix P such thd = P~ lpp
A > smilar mafiiceg

Matrix P is interpreter standing between matrices 4 and B that adjusts the 2 coordinate > ittty
ystens e,

G1ven a basis, a matrix can describe a linear transformation. But a matrix can also describe a
basis = # 4 s of an ieitible maix

ave lhw-t’ mlerm&u&

The same matrix can be read in two different ways:
as the description of a transformation;
or as the description of a coordinate system




Mathematics Refresh: Linear Algebra

a1 ai1r Q12 A1n _ _
ao aai ao9 Aon ‘ ‘ ‘
a = M = = |my mo M.,
I |
|43 | Un1  An2 Ann_ ) ]

If the column vectors of M are linearly independent, then they form a basis. A basis 1s, in
effect, a coordinate system. Each basis vector defines one coordinate direction.

Moving the object 1s equivalent to moving the coordinate system (motion is relative).




Mathematics Refresh: Linear Algebra

Suppose we want the coordinate numbers of a point to change from a=(1,1) to 56=(2,3)

M2
Method 1: keep the coordinate system fixed and move the point, apply transformatioh/ = 0 g]

oy {1

Method 2: keep the point fixed and move the coordinate system:
make one unit along the horizontal axis half as long as before;
make one unit along the vertical axis one-third as long as before.




Mathematics Refresh: Linear Algebra

Move the Point vs Move the Coordinate Frame

Two different stories, the same final coordinates (2,3).

Meth 2 0
etho Left: fixed axes, move the point Right: fixed point, shrink the units 0 3
Yi Yi
3 3
Metho
mal
2 2
mal
a=(1,1) a=(1,1)
1 o 14 o
= =




Mathematics Refresh: Linear Algebra

Suppose we want the coordinate numbers of a point to change from a=(1,1) to 6=(2,3)

o o= e lo 5l

Interpret M as a transformation: the coordinate system remains fixed. The matrix acts. The
vector moves

e s 3

There 1s one abstract geometric vector. Its coordinates under the coordination system formed
by the columns of M are a. Its coordinates under the standard coordinate system are b.

Placing M 1n front of a 1s almost like attaching an environmental declaration to the vector.




