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Mathematics Refresh: Multivariable Calculus and Linear Algebra

Positive numbers, when you think of them as operators, are really the
ones that keep their output on the same side as their input

Tn 10 / Gom\b ot xav\é\ﬂ ore on The Same Side (= 4>0 . But JsAx , S0
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the veder y Wt A oulpuds

A > 0OifandonlyifV & £ 0, Y 2 Ax stays on the same side asr

(Positive Definite) wT( Ax) >0
a:o xTA.x. >0
0 < 90°
A
y = Ax

AX0 ifandonlyifa?TAa? >0, Vx#£0
(Positive Semidefinite)




Constrained vs. Unconstrained Optimization

ey, fodtelio Mmbmnw« (Ahare is inikal budget)

Unconstrained Optimization * r,:w Ve Constrained Optimization
. -t .
min - f(w) - min f(w)

subject to
ci(w) =0, forieéf,

A clearly detfined ci(w) >0, forieZ.
objective function, | | |
f - R"” 5 R Constraints define the feasible region
at mimmimum for this courfj, 2
Decision Variables: and sometimes we requir S
1. L . .
w c R™ (" . The first-order derivative is a continuous function
n enfiies

- 2, C . .
gt vedogs ('“ : The second-order derivative is a continuous function



Machine Learning Training as an Unconstrained Optimization Problem

Fraln mpk&
Training Dataset (m FOWS

and d+1 columns)
Rl
Ty Ta T3 --- Td Y "

min f
w ER”

Model:g(w‘f@

where W is the parameter vector

that need to be determined and
L = \L1,L2, " ,X(

0= RS ()]

Machine learning eventually reduce
to solving optimization problems




First-Order Necessary Condition

m}él f(w) can be a hard problem in general. are 18 g g 2
we GPU brute force? Sampling 1B points?
. . not swlable To
e.g., min ~ f(w) = w*/50 — w* — sin(8w + 5)e %Y I s
we(—00,+00) Range of the points?

I3 3“ pts 1 100 N % valug for coordnate

Theorem (First—Order ?I fsar)b@ondltlon) TR il s i
If w¥ 1s a minimizer of

f(w)]

then ) = 0.




Local Minimu%; (‘% paint w* 1s a]l(a%g]k 511%1?:1&%85 7iféhg{)e EX_/\S/tf a, )

neighborhood such that

Global Minimum: A point w* is a global minimizer 1f

f(w*) < f(w), V w.

Local Global
A Maximum Maximum

fw)

Global
Minimu

Saddle Point
Local
——— Mimnimum >

0 Thez all satisfﬁ f(w*) = 0. w




What Can an Optimization Algorithm Guarantee?

Goal: Design a method (an algorithm) to finqw, s.t. ||V f(w)| <e.

condldstes for mimmizor

Ruling out local maxima and saddle points requires more information
about the objective function (e.g., Hessian, 2nd order partial derivative

EsbhamhighsambFeRsdy 8RAMPUtunless you know more info about /

) Local qubal
A Maximum Maximum

Global
Minimu

Saddle Point
Local
— Minimum

0 The; all satisfﬁ f(w*) = 0. w




Unconstrained Optimization with Exact Solution: e.g., Linear Model

A case where we can solveV f(w) = 0 exactly

m

1 . N
: _ = (i) ( (@)}
weRn f(w) - z:zl [ZU g(w|z
g(w‘m) — wlp = Wo + wix1 + woxo + -+ + Wy y
A dedson vadindies To ogtiwie

w = (wg,w1) ™ g(w|x)=wy+wiz

(I = (wo + wiaf{")2 + [y = (wo + wis)2 + - + [y = (wo + wiz{™))?)

This 1s quadratic in w0 and w1
- SSBSBSBBSSSSHHHHHHHNNHHSSSSSSSSS.



Unconstrained Optimization with Exact Solution: e.g., Linear Model

A case where we can solveV f(w) = 0 exactly

m

1 : NE
flw) = - Z {y(@) — (wo + w1:1:§ ))}
i=1
- % ([y(l) — (wo + w1z + [y® — (wo + w2+ -+ Y™ — (wo + wlxgm))]Q)
_ (9f(w) Of(w)
vf(w) N ( 8w0 ’ 8w1
DIGE) =2 (0 (4 yaf?) 9 — (- ) -4 — () ~0

aggf) ) :nQ ([ = (w0 + wraf)] 2l + [y® — (o + w1a$)] o + -+ [y = (wy + w12{™)] ™) = O
mo((3) _ 2 (8 _ 5 1 . 1 e .
oi = & (zm;” (a:(f))(yx)Q 2 wj =y—wjz where 7= _ ;w(” j=— ;y“)
- llTSBBBLBLLLHHHHHHHHHHHGSSSHS




Unconstrained Optimization with Exact Solution: e.g., Linear Model

i B _(X(l))T_ ] qu?:\‘\; i y(l) -
footh _(X(2))T_ y(2)
= , where Y —
eadn fow . .
ong instenid i —(X(m))T— ] I y(m) |

2 .
Viw") = = X'Xw* —y) =0 w* = (XTX)_lXTy provided that XX
m 1S invertible

f(w) s a convex function. Hence, the local minimum point is also a global minimum.

fw) isa quadratic function. Hence, the local (global) minimizer has a closed-form expressior



Unconstrained Optimization without a Closed-form Solution: Logistic Model

Training Dataset (m rows Model:9(w|®)
and d+1 columns) where W is the parameter vector
L1 L2 X3 --- Xd Y that need to be determined,and
L = \L1,L2, """ 7$d)
wle) = e
g W) = wlx > rumeralor
Vinnr geodeh i W L Te
wle = wiz) + wors + -+ wyry
bt BTy v




Unconstrained Optimization without a Closed-form Solution: Logistic Model

wlx(*)
P{Y® = 1jx = xO = g(w|e®) = —C _ = p,
{ | } = g(w|z'") [+ owt=® P
wlx()
PIY® —olx = x(H1 =1 — (1)) =1 — c ~=1—1p;
{ ‘X X } g(w‘w ) 1 1+ ewTx® p

Likelihood of observing instance i in the training dataset, given the mput featurs'”)

' ' 1 ew” x” ’ 1 1=y
P{Y" =ylx=xW}=p/(1—p;)'7¥ = ( )

1+ ewTx () 1+ ewTx ()

But here we have a total of m instances in our training dataset




Unconstrained Optimization without a Closed-form Solution: Logistic Model

We view the training data points as independent draws from the same population

(2)

L(w) = [Py D = y@}x = x} = sz (1= p)tv

(2) (i)

m 6,wTX(’i) Y 1 1—y
o Z:Hl 1 _|_ ewTX(q;) <1 _|_ ewTX(i) )

We chooseW to maximize this joint probability: Maximum Likelithood Estimation (MLE)

(2) (4)

m e,wTX(’i) y 1 1—y
muz}x £(’UJ> = H <1 T e'wTX(i) > (1 + ewTX(z’) )

1=1

A technical problem: when m is large, thefa(w) is very close to 0, which can cause

numerical underflow 1ssue. compiles  cannt d\Sﬂ:\Ju\sh
bhwn  the voi\) small value



Unconstrained Optimization without a Closed-form Solution: Logistic Model

We take the natural logarithm of the objective function

max £w) = [ [ (1~ p)' " gy max In (sz 1 )
orighnal "“”("::;') = aveids groplom "M:I ;nd\\’ds
tog trnsfim sl m: )\ & onegn @ e« ‘ |
Since In( ) is a monotone ’“’“\;;“ 0 i (i) ()
transformation, the original problem mre g, 118X Z [y Inp; + (1 —y")In(1 — pz)}
and the new problem are equivalent, ¥ tom 0 i=1 I
There is no simple formula forw” 1 | .
anymore, we have to develop anmlIl flw) = —— Z {y(z) Inp; + (1 — y(w) In(1 — pz)}
algorithm to solve this L
optimization problem iteratively ‘MP“"'er'Wj —— o
m il Y where Pi = T (D)
- IS0 T ®] . L4 e
min f(w) = m Z [y —wr } has a closed-form solution

1=1



What Happens Inside .fit()? Logistic Regression in scikit-learn
from sklearn.datasets import load iris
from sklearn.linear model import LogisticRegression

load iris(return X y=True)

>
-
<

|

mask =y < 2
X, v = X[mask], y[mask]

clf = LogisticRegression(

peng

solver="1bfgs"

max 1ter=100
). Fit(X, y)




Gradient Descent: Descent Direction

Definition (Descent Direction): For a given point,, - pn ,
a direction j - n 18 called a descent direction, 1t there

eX1S _
&K bgsuch that fw+ ad) < f(w), Vae (0,a).

> Interpretation: Every sufficiently small positive step
along d decreases the objective function.




Gradient Descent: Which Direction Is Steepest?

In non-linear optimization:

You don’t get to see the surface,
i.e., the full picture off(w) .

You only have local information
at the point of evaluation.

General method for non-linear optimization
Start at W (0)

Take a step along steepest slope

Fixed step size

w(l) = w(0)+ n- v

how

: . A ‘)Where?
What is the direction® ? Far?




Gradient Descent: Why the Negative Gradient?

Formula for the directionq)

Recall : f(w) ~ f(wo) + Vf* (wo)(w — wo)

Af(w) = f(w(0) +nv) — f(w(0))

w(b)
g Vf (w(0)) =V (w(0))d +0(n?)
w it onder Tayhr expardion T
> Directional derivative of.f at
In non-linear optimization: point w(0) and along th
direction v
You don’t get to see the surface, > _nVH f(w(O)) || , for any v

i.e., the full picture off (w)

You only have local information
at the point of evaluation

Vf(w(0))

A PaN
Sincel) is a unit vector¥V =

el IV f(w(0))]




Gradient Descent: How Far Should We Move?

>
w

How!] affects the - 3
algorithm: =

In optimization, I charge
you for: (a)the final

value you arrived at; (b)
how long it takes you to

get thFslﬁould Increase
with the [slope|

2

77 too small
S 1

Fixed-size step?

10

6 :

(B

1
(W

77 too large

10

6 L
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[
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Gradient Descent: Steepest Descent

f(w)f Easy Implementation
x Instead of w(l) — ’IU(O) — Aw = 77”{)
R0
w IV f(w(0))]

setting 7] = ||V f(w(k))|
o Then AW = —an(w(k))

Fixed Learning Rate(X ™
( st see)

w(k+ 1) =w(k) — aVf(w(k))



Gradient Descent: Steepest Descent in Logistic Regression

Step 1. ImtializeW (O) (e.g., randomly pick a vector)

f(w)f
Step 2. For iteration k= 0,1,2,... X
Compute the gradient
m w)
1 : 1 .
— _ (2) Coa (1)
Vi (w(k)) m Z:Zl = (1 + exp{wTx(®} J 1)

Update: ’IU(k 1) — ’ID(k) — an(w(k))

Termination: Stop whenl| V[ (w(k))|| is small or k exceeds a cutoff.




Gradient Descent in General: Initialization and Local Minima

Initialize W (O) Set a targjg;t msmmum
value for 799
Termination criteria f(w(k)) < frarget

In practice, combine a convergence test with a hard computational
[imit.

you ton St olgo May stop prematurely You may end up with
fom sovel pomis . :
A pd s P Aok IV f(w(k))| <e running your algorithm
f(w) ol witioes, e best forever

m Set o it on e
thol nuwvetr of stg?g
in e oloprthm Lk 2 Koax

or ﬂmewy‘rmc&d
O . 1°

o S - .
0 Local Vs. Global Minimum w




Some Comments on Gradient Descent in General

First-order information Vs. Second-order information (of the objective function)

Gradient Descent can be slow for some problems since i1t only uses the gradient

The 2nd order information is not free

Stochastic Gradient Descent Newton, Quasi-Newton: BFGS, L-BFGS etc.

But when you judge one method versus the other in optimization, don’t be
excited about the sophisticated method, because you will be charged for it

Fast Convergence of the Algorithm

(Fewer Iterations) Vs. Higher Computational Cost per Iteration



The Ladder of Optimization Goals

In theory, we want to design algorithms to:

find the global minimum of the objective function (NP-hard in general, unless the
function has some special nice properties, e€.g., global convexity)

find a local mimimum of the objective function (which still requires certain
conditions on the objective function)es Heswn mabix posiie debite to endde suddle. porct

find a stationary point of the objective function, i.e/|V.f(w(k))|| < e
(this 1s what we typically do) *

In practice, we want to design algorithms to:

Return a sufficiently good point within a limited computational budget.
(Whatever works before the deadline)



Two Fundamental Frameworks for Choosing the Next Iterate

Line Search and Trust Region

Line Search: Trust Region:
Given a descent direction p(k) mpin mi(w(k) + p)
e.g., steepest descent_vf(w(k)) st. ||lp|| <6

Pick a step size a such that

flw(k) + ap(k)) < f(w(k))

Line search starts by fixing a descent direction
p(k) and then 1dentifying an appropriate
distance, the step size a.

Trust region first chooses a max distance o (the
trust-region radius) and then seeks a direction
and step that attains the best improvement
possible subject to this distance constraint



